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Abu al-Rayhan Muhammad b. A+ad al-B&ni, who was born at 
Khiva on September 4th 973 and who died at Ghazna after 1050, 
is widely regarded as the greatest scientist of the Middle Ages. 
His voluminous works include many writings on mathematics and 
astronomy. The Exhaustive Treatise on Shadows appears to have 
been written at Ghazna about 1022, and the present edition is 
translated from the Arabic text which was printed as one of the 
tractates in Rasa'ilu'l-B&n?, published by the Osmania Oriental 
Publications Bureau, Hyderabad-Dn., 1948. (Part of the text was 
mistakenly printed in another book instead.) Kennedy indicates 
in footnotes many divergences between the 1948 edition and the 
unique manuscript (dated 1234) on which it is based: he also 
suggests many emendations of the manuscript text. His Commentary 
is provided conveniently in Volume 2, designed to be used 
alongside the Translation in Volume 1. Kennedy explains (Vol. 1, 
p. xi) that the copy for printing was typed at Beirut during 
the tragic civil war in Lebanon, and thus the reader will 
accordingly make allowances for the occasional typographical 
shortcomings of this publication. 
Al-BirunT discussed an astonishing variety of topics 
relating to shadows in this important work in the history of 
trigonometry. A particularly valuable feature of the book is 
that al-Bir;nI cited numerous excerpts from the writings of many 
earlier scientists, who wrote in Greek, Persian, Arabic and 
Sanskrit. The general discourse on shadows in the Introduction 
and the first three chapters must have been extremely difficult 
to translate--it is sufficient to make the modern reader echo 
fervently the complaint by Witelo (in his Perspectiva) about 
"the tedious verbosity of the Arabs". Al-B%riin? favored in 
practice the concept of light rays over that of visual rays, 
but did not decide between them. His great contemporary 
ibn al-Haytham finally disposed of the Greek concept that sight 
was the result of visual rays emanating from the eye. Concerning 
another question of optics, Kennedy attempts (Vol. 2, p. 8) to 
make sense of a confused passage (Vol. 1, p. 31) in which 
al-B?r;ni criticized the assertions of Ahmad b. al-Tayyib 
al-Sarakhs?. (c835-899) "concerning the blackening of the air at 
the heights of lofty places". However, that difficult passage 
does make some sense if al-Sarakhsi's assertions are taken 
literally. In fact, in clear mountain air at 2000 metres altitude, 
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the darkness of the blue of the sky is conspicuous to anyone who 
has recently come from a low altitude. 
The scientific content begins in Chapter 4, which considers 
the cone traced by the shadow of a gnomon during the course of 
a day, and the intersection of the horizontal plane with that 
cone to form an ellipse, parabola, or hyperbola. In Chapter 5, 
al-B&&? attributed the absence of absolute sharpness in 
shadows to scattering from dust in the air, without considering 
penumbral effects, and he failed to explain the pinhole-camera 
effect (which was explained clearly by ibn al-Haytham). 
Al-Bir;nF introduced tangents and cotangents in the form 
of the shadows of a horizontal gnomon on a vertical plane and 
vice-versa (Ch. 6), and he also introduced secants and cosecants 
(Ch. 9). (These had been used by earlier authors.) In Chapter 
7 he mentioned his own definitions of sines and cosines as 
ratios, as had been done by his older contemporary Ab< al-Wafa’ 
al-Buzjani. Later, in his Masudic Canon, al-B:&: followed 
Ab; al-Wafa’ in defining tangents and cotangents also as 
ratios. Unfortunately, their rationalization of the trigonometric 
functions did not become standard until the 18th century--most 
authors continued to define sines and cosines as projections of 
a radius which was some large integer (usually a power of 60, 
or of lo), and similarly tangents continued to be defined as 
altitudes with a base not 1. Still, Al-B&n? expounded 
systematically the standard relations between the six 
trigonometric functions, though the exposition was complicated 
by the lack of rationalization. 
Chapter 12 contains a very small table (omitted from the 
Arabic edition) of tangents and cotangents to two significant 
sexagesimal places, for lo, 2’, . . . . 89O, and he discussed the 
limitations of linear interpolation in that table. (Later, he 
gave much fuller tables in the Masudic Canon.) Chapters 13 and 
14 discuss shadows on the astrolabe, in which the simplest 
scales are the linear scales which give tangents and cotangents 
directly. 
In Chapter 16, “On the Determination of the Noon Shadow for 
Any Assumed Day”, he derived correctly the solar altitude at 
noon as the solar declination plus the complement of the 
latitude, and obtained the length of the noon shadow from the 
altitude by cotangents. He criticized several approximate 
Indian rules for noon shadows. Spherical trigonometry appears 
in Chapter 18, where he investigated the relations between 
altitude, azimuth, and latitude. It is interesting that he 
considered shadow observations as far north as 48O, to include 
the Muslim Bulgars on the Volga river. He gave techniques for 
determining the meridian by morning and afternoon shadows, and 
in Chapter 19 he considered the corrections which are necessary 
because of the continuous variation of solar declination. For 
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this, he quoted a rule given in the Indian Puli$asiddh&ta, 
which he proved after correcting an error in the Arabic 
translation of that Sanskrit work (now lost). In Chapter 20 
"On the Extraction of the Meridian Line by the Use of Three 
Successive Shadows" he criticized an approximate rule by 
Brahmagupta, and then gave a valuable extract from the Analemma 
by Diodorus of Alexandria (-1st century). Indeed, this extract 
forms the only surviving fragment of the writings of Diodorus, 
and it consists of an elegant example of very early descriptive 
geometry. 
Chapter 21 gives a construction for the meridian using a 
shadow observation at any known time. However the construction 
is erroneous, and Kennedy considers that the error was made by 
al-BFrunI rather than by the copyist. Chapter 22 states and 
proves Indian rules for the length of daylight in terms of 
terrestrial latitude and of solar declination, itself a 
function of the season. Also, the chapter gives Persian and 
Indian rules for the times of rising of the various signs of 
the zodiac. A particularly interesting quotation from an 
anonymous Persian book is given at the end of Chapter 22, 
describing an ancient Babylonian arithmetic rule (ascribed 
correctly) which uses a piecewise-linear (or "zig-zag") 
approximation for the rising times. Chapter 23 is devoted to 
the determination of time from solar shadows, using tangents 
and cotangents rather than sines. He criticised various 
approximate Indian arithmetical rules, and he derived correct 
expressions by sophisticated applications of spherical 
trigonometry, which he then used to validate some Indian 
trigonometrical rules. Chapter 24 starts with the significant 
remark that "The altitude and the shadow and the azimuth are 
functionally dependent at a single time so that each one of 
them is determined if any (one) is known". This shows that 
al-B&% understood clearly the concept of functional 
dependence-- indeed, that sentence could be used to validate 
the interpretation of the Arabic phrase rendered here as 
"functionally dependent". (In the commentary to this chapter, 
on p. 128 of Vol. 2, "angle MZE" should be "angle HZE".) 
Chapters 25 and 26 could be regarded as the core of the 
book since they are concerned with Muslim prayer times, which 
are defined in terms of shadows. (Readers who have seen 
Moustapha Akkad's film The Message may recall its striking 
depiction of a shadow observation by the companions of 
Muhammad.) Al-B%& showed clearly (p. 230) the difficulty of 
determining noon as the time when solar altitude is maximum, 
since the altitude is a stationary function of time in the 
vicinity of that maximum. In his eloquent peroration on the 
duties of the muezzin (who announces the time of prayer), 
al-Bzruni showed that correct application of the shadow rules 
does require a profound understanding of mathematics and 
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astronomy. (And indeed, some muezzins did rise successfully 
to that challenge.) 
In Chapter 29, “On Celestial Distances Which Involve 
Shadows”, he gave an ingenious method for measuring the 
distance of the moon from the earth by observation of two 
lunar eclipses. However, he implicitly assumed that distance 
to be constant, whereas everywhere else he employed Ptolemy’s 
notorious lunar model, in which the maximum lunar distance 
is nearly twice the minimum lunar distance. In Chapter 30, on 
miscellaneous topics, al-B%% criticized an Indian text 
concerning the ratio of the diameter of a parasol to the length 
of its shadow, quoting against it Ptolemy’s figure of l/134 
(which is fairly accurate). Indeed, by experiments with 
shadows, al-Bir;nE measured the ratio even more accurately as 
l/128 (Vol. 1, pp. 271-272). Kennedy insists (Vol. 2, pp. 170- 
172) that the astronomical ratio is not applicable to the 
parasol problem; but since that ratio equals the distance from 
the sun to the vertex of the shadow cone divided into the 
solar diameter, that ratio will vary only slightly throughout 
the year for all near-terrestrial observations. It is interesting 
to observe that al-Bir% tried, like Ptolemy, to measure the 
solar distance by near-terrestrial observations, without 
realising that enormous changes in the solar distance would 
correspond to minute changes in any terrestrial observations. 
At the end of Volume 2 there are an extensive Bibliography 
(in many languages), a general index and also two brief indexes 
of numerical parameters, sexagesimal and decimal. No Arabic- - 
English glossary is provided, since the reader may readily 
compare the published Arabic text directly with Kennedy’s 
literal translation. Kennedy is to be complimented on his 
achievement in making available in the English language this 
treatise by al-B%nF, which is an important primary source for 
the history of the ancient and mediaeval exact sciences. 
